
Abstract. Using tools from discrete dynamical systems
theory, we begin a systematic analysis of a distributed
model of leg coordination with both biological and
robotic applications. In this paper, we clarify the role of
individual coordination mechanisms by studying a
system of two leg oscillators coupled in one direction
by each of the three major mechanisms that have been
described for the stick insect Carausius morosus. For
each mechanism, we derive analytical return maps, and
analyze the behavior of these return maps under
iteration in order to determine the asymptotic phase
relationship between the two legs. We also derive
asymptotic relative phase densities for each mechanism
and compare these densities to those obtained from
numerical simulations of the model. Our analysis
demonstrates that, although each of these mechanisms
can individually compress a range of initial conditions
into a narrow band of relative phase, this asymptotic
relative phase relationship is, in general, only neutrally
stable. We also show that the nonlinear dependence of
relative phase on walking speed along the body in the
full hexapod model can be explained by our analysis.
Finally, we provide detailed parameter charts of the
range of behavior that each mechanism can produce as
coupling strength and walking speed are varied.

1 Introduction

Coordinating the movements of individual legs so as to
maintain a stable gait is one of the central problems that
must be solved by any walking animal or robot.
Experimental studies of the consequences of perturba-
tions during walking in the stick insect (BaÈ ssler 1983;
Graham 1985) have led to a series of models of leg
coordination in walking arthropods (Graham 1977;
Cruse 1979, 1980). We will focus on the most recent
version of the model here (Cruse 1990; Cruse et al.

1998), where the position at which a leg switches state is
in¯uenced by the state of adjacent legs via a speci®c
network of coordination mechanisms. An important
feature of this model is that it is highly distributed. Gaits
arise not from a centralized gait generator, but rather
from interactions between the individual leg oscillators
mediated by the network of coordination mechanisms.
Although this model was originally developed for the
stick insect Carausius morosus, variations of it have also
been successfully applied to walking in the cray®sh
Astacus leptodactylus (MuÈ ller and Cruse 1991) and to
slow walking in the cat (Cruse and Warnecke 1992). This
model has also been employed to generate insect-like
gaits in a variety of legged robots (Espenschied et al.
1993; Ferrell 1995; Pfei�er et al. 1995; Espenschied et al.
1996; Flannigan et al. 1998; Frik 1999).

The goal of this paper is to begin a systematic analysis
of this model of leg coordination. Although extensive
simulation studies of this model have been performed
(Dean 1991a,b, 1992a,b), much is still unknown about the
general dynamical behavior of this model and the depen-
dence of this behavior on parameters. As a consequence,
parameters associated with the model must be tuned
heuristically to achieve a desired behavior (Espenschied
et al. 1993; Cruse et al. 1995; Ferrell 1995; Cymbalyuk
et al. 1998). In this paper, we study the behavior of each of
the three major coordination mechanisms in isolation.
Speci®cally, we derive analytical return maps for each of
themechanisms, study the asymptotic formof these return
maps, and characterize their layout in parameter space.
In addition, we demonstrate how to calculate the
asymptotic relative phase density for each mechanism,
which gives the probability of observing any particular
phase relationship aswalking speed and coupling strength
are varied. The e�ects of combiningmultiplemechanisms,
as well as two-way interactions between multiple leg
oscillators, will be examined in future papers.

2 Model

Each leg oscillator L is a hybrid dynamical system
(Johnson 1994) characterized by a continuous position
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x 2 R in leg-centered coordinates and a discrete velocity
_x 2 fvp; vrg : L�t� � �x�t�; _x�t��. When a leg is in protrac-
tion, it is lifted from the ground and swinging forward
relative to the body with a constant velocity vp > 0.
When a leg is in retraction, it is on the ground, providing
support and swinging backward relative to the body
with a constant velocity vr < 0. As in many walking
animals, vp is relatively constant in the stick insect, while
vr varies according to walking speed (Graham 1972).
A protracting leg switches to retraction when it crosses
an anterior extreme position (AEP). Likewise, a retract-
ing leg switches to protraction when it crosses a
posterior extreme position (PEP). The ith leg oscillator
is described by the equation

_xi �
vr if � _xi � vp� and �xi � AEPi�
vp if � _xi � vr� and �xi � PEPi�
_xi otherwise

8<: : �1�

Interleg coordination mechanisms operate by modifying
the AEP or PEP of a receiving leg depending upon the
state of a sending leg. Six di�erent mechanisms have
been described for the stick insect (Cruse et al. 1995).
However, a subset of three of these mechanisms has been
used by many authors and is known to be su�cient for
generating a full range of insect-like gaits (Espenschied
et al. 1993), so we concentrate on this subset here. Since
these three mechanisms only modify the PEP of a
receiving leg, we set AEP to a constant intrinsic value
(IAEP) for all legs. In addition, all leg oscillators have
an associated constant intrinsic PEP value (IPEP)
against which the coordination mechanisms operate. In
this paper, we set IAEP = 1 and IPEP = ÿ1. Note that
there is some variation in how these mechanisms are
implemented in the literature, and some authors do not
fully specify their implementation. We have chosen to
analyze the simplest form consistent with the original
model which produces the full range of gaits.

During protraction in a sending leg, mechanism 1
delays the start of protraction in a receiving leg by
shifting the latter's PEP backward (Fig. 1A):

M1�xi; _xi� � 1 if _xi � vp

0 otherwise

n
; �2�

where the associated coupling strength of this mecha-
nism is a1 � 0 since it delays the phase of a receiving
leg when active.

Immediately following the beginning of retraction in
a sending leg, mechanism 2 brie¯y advances the start of
protraction in a receiving leg by shifting the latter's PEP
forward (Fig. 1A):

M2�xi; _xi�

� 1 if � _xi � vr� and ��1ÿ c� IAEP � xi � IAEP� ,

0 otherwise

�
�3�

where M2 is only active for a small range of leg positions
determinedby the constant 0 < c < 1. In this paper,we set
c � 0:1.Note that some authors characterizeM2 bymeans
of a duration rather than the position of the sending leg

(Espenschied et al. 1993), but our approach has the
advantage of not requiring an external clock. The
associated coupling strength of this mechanism is a2 � 0,
since it advances the phase of the receiving legwhen active.

Throughout the retraction of a sending leg, mecha-
nism 3 advances the start of protraction in a receiving
leg by shifting the latter's PEP increasingly forward
(Fig. 1A):

M3�xi; _xi� � �IAEPÿ xi�=jIAEPÿ IPEPj if _xi � vr

0 otherwise

�
;

�4�
The associated coupling strength of this mechanism is
a3 � 0, since it advances the phase of the receiving leg
when active. Some authors give a3 a nonlinear velocity
dependence (Cruse et al. 1998; Cymbalyuk et al. 1998),
but we do not consider this complication here.

In the full hexapod model, the coordination mecha-
nisms that impinge on the ith leg oscillator modulate its
PEP as:

PEPi � IPEP�
X6
j�1

aji
1 M1�xj; _xj� � aji

2 M2�xj; _xj�

� aji
3 M3�xj; _xj� i � 1; . . . ; 6 ; �5�

where aji
k is the coupling strength of mechanism k from

the jth to the ith leg oscillators. Note that a PEP
modulation is only ``felt'' by a receiving leg when that leg
is in retraction. When the leg is in protraction, its
trajectory will pass una�ected through the PEP (see
Fig. 3A for examples of this for mechanism 1).

Fig. 1. A A schematic illustration of the three coordination mecha-
nisms analyzed in this paper. As a sending leg alternates between
protraction and retraction, each mechanism modi®es the posterior
extreme position (PEP) of a receiving leg as shown. B An illustration
of ``shadowing'' in mechanism 2. Due to the positive-going nature of
this mechanism, no trajectory can bounce o� of the trailing edge of
the mechanism or the ®rst part of the immediately following segment.
Note how this shadowing splits a continuous set of trajectories into
two distinct subsets
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In the stick insect, M1 and M2 are directed forward
along the body, M3 is directed backward along the body,
and M2 and M3 operate symmetrically across the body
(Cruse 1990; Cruse et al. 1998). Although distinct cou-
pling strengths could, in principle, be assigned to each
connection, both experimental evidence and symmetry
considerations suggest that the coupling strength of any
given mechanism is only distinguished by whether a
connection is ipsilateral or contralateral. When these
coupling strengths are set appropriately, simulations of
the full hexapod model exhibit a nonlinear dependence
of relative phase on walking speed along the body
(Fig. 2L2) and a constant average relative phase of 1/2
across the body (Fig. 2R3). Note that, for �v � ÿvr=vp
between about 0.75 and 0.8, three distinct crossbody

phase relationships seem to be stable, while for �v
between about 0.8 and 0.9, two distinct crossbody phase
relationships seem to be stable (Fig. 2R1±2R3). While
the phase di�erence is small (and therefore unlikely to be
obvious in the stepping pattern), this is the kind of
dynamical behavior that we would ultimately like to
understand.

In order to study the phase-locking behavior of the
individual coordination mechanisms, in this paper we
focus on two leg oscillators L1 and L2 coupled in one
direction by one of the three mechanisms (Fig. 3A). L1 is
the sending leg oscillator, with PEP1 = IPEP, and L2 is
the receiving leg oscillator, with PEP2 � IPEP �
akMk�x1; _x1� for k � 1, 2, or 3. Both oscillators share the
same IAEP, IPEP, vr and vp.

Our analysis focuses on the relative phase / between
L1 and L2, and especially the asymptotic value /� that
this relative phase adopts after transients have passed. If
si is the time of onset of protraction in the ith leg os-
cillator, D � jIAEPÿ IPEPj is the range of motion of an
uncoupled leg, and T1 � D=jvpj � D=jvrj is the period of
L1, then / � �s2 ÿ s1�=T1. Note that / is only de®ned
when L2 initiates protraction exactly once within the
time interval �s1; s1 � T1�. In general, both / and /� will
depend on the initial state L2�0� � �x2�0�; _x2�0�� of the
receiving leg oscillator, on the coupling strength ai, and
on the normalized walking speed �v � ÿvr=vp (since / is
invariant to time rescaling, only the ratio of retraction
and protraction velocities matters). Note that the duty
factor (de®ned as retraction duration over step period),
a common descriptive parameter of insect gaits, can be
expressed as 1=��v� 1�.

3 Mechanism 1

During protraction in L1, mechanism 1 delays the start
of protraction in L2 by shifting its PEP backward by an
amount a1 (Fig. 3A). Simulation results demonstrating
how the density of /� varies with �v for two di�erent
values of a1 are shown in Fig. 4B1 and 4C1. Note that,
unlike in the full hexapod model (Fig. 2L2), the two leg
oscillators do not adopt a single phase relationship.
However, for some values of a1, M1 does asymptotically
compress the phase relationship into a narrow band
exhibiting a nonlinear dependence on walking speed
similar to that observed along the body in the full
hexapod model (compare white band in Fig. 4B1 to
Fig. 2L2). Our goal here is to develop a complete
mathematical understanding of simulation results such
as these and to clarify the underlying dynamics. Initially,
we will focus on one particular set of parameter values
��v; a1� � �0:9;ÿ0:5� in order to illustrate our approach.
Then we will show how these results vary parametrically.

The primary tool that we will use in our analysis is the
returnmapR, which describes how the state of L2 changes
from one cycle of L1 to the next (Fig. 3). Formally, the
®rst return map R : [IPEP, IAEP] �fvp; vrg ! [IPEP,
IAEP] �fvp; vrg maps the state L2�s1� at the onset of
protraction at time s1 in L1 to the state L2�s1 � T1� at the
onset of the next protraction at time s1 � T1 in L1. Since

Fig. 2. Asymptotic relative phase density plots for a simulation of the
full hexapod model as normalized walking speed �v is varied. The
relative phase / between two legs is de®ned in Sect. 2. Brighter regions
correspond to more likely phase relationships. The plots are labeled L
for left side of the body and R for right side, and the legs are
numbered from 1 (front) to 3 (back). All phases are de®ned relative to
L3. In these simulations, all coupling strengths were 0 except

aL3;L2
1 � aL2;L1

1 � aR3;R2
1 � aR2;R1

1 � ÿ0:6; aL3;L2
2 � aL2;L1

2 � aR3;R2
2 �

aR2;R1
2 � 1; aL1;L2

3 � aL2;L3
3 � aR1;R2

3 � aR2;R3
3 � 0:6; aL1;R1

2 � aR1;L1
2 �

aL2;R2
2 � aR2;L2

2 � aL3;R3
2 � aR3;L3

2 � 0:1; and aL1;R1
3 � aR1;L1

3 � aL2;R2
3

� aR2;L2
3 � aL3;R3

3 � aR3;L3
3 � 0:9. These values were slightly modi®ed

from Espenschied et al. (1993). In order to produce these plots, 50
di�erent velocity values equally spaced in the range [0.1,1] were
simulated (because it takes too long in simulation to reach the
asymptotic relative phase for �v < 0:1 the plots are blank below this
value). For each velocity slice, 100 initial conditions uniformly
distributed in [IPEP, IAEP] �fvp; vrg were integrated using the
explicit Euler method with a step size of 0.01 s. Each run was
integrated for 100 s to allow transients to pass and then / statistics
were collected for the next 200 s. To estimate the densities, the mean /
for each run was computed using circular statistics and binned using a
bin size of 0.0075
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the velocity is quantized, it is convenient to splitR into two
piecewise linear ``colored'' maps Rp;Rr : [IPEP,
IAEP] ! [IPEP, IAEP] �fvp; vrg, such that Rp�x� �
R�x; vp� and Rr�x� � R�x; vr�. The maps are colored in the
sense that we shade them gray at all x for which the _x2
component ofRp�x�orRr�x� is vp andwe shade themblack
at all x for which the _x2 component of Rp�x� or Rr�x� is vr.
This allows us to draw Rp and Rr as two one-dimensional
maps. It turns out that the protraction return map is the
trivial identitymapRp�x� � �x; vp�, butRr has a nontrivial
structure (Fig. 3B).

We can calculate Rr from L1�t� and L2�t� as follows.
With initial conditions L1�0� � �IPEP; vp�, L1�t� can be
expressed as:

L1�t�� �x1�t�; _x1�t��

� �IPEP�vp�tmodT1�;vp� if �tmodT1��D=jvpj
�IPEP�vr��tÿD=vp�modT1�;vr� otherwise

�
�6�

Once L1�t� is known, PEP2�t� can be expressed as:

PEP2�t� � IPEP� a1 if�t mod T1� � D=jvpj .
IPEP otherwise

�
�7�

L2 can now be treated as a periodically forced oscillator.
Given L2�0� � �x2�0�; _x2�0��, L2�t� is determined by the
solution of a series of piecewise linear algebraic equa-
tions that de®ne the sequence of intersections between
the trajectory and IAEP and PEP2�t�. Over a single
cycle, IAEP de®nes a single line segment s0 and PEP2�t�
is composed of three line segments s1, s2 and s3
(Fig. 3A). For this particular setting of parameters, all
initial positions IAEP � x � IPEP that begin in retrac-
tion will exhibit one of the following ®ve sequences of
intersections: fs3; s0g, fs2; s0g, fs2g, fs1g, fs1; s0g. There-
fore, the initial leg positions can be partitioned into ®ve
equivalence classes such that all trajectories within a
given class undergo the same sequence of intersections.
For example, the set of trajectories shown in light gray
in Fig. 3A begin in retraction, intersect s1, bounce o� of

Fig. 3A±E. An analysis of mechanism 1 for
��v; a1� � �0:9;ÿ0:5�. A Example trajectories of
the receiving leg L2 for two cycles of the sending
leg L1. B The ®rst retraction return map Rr. The
segments are colored gray or black according to
whether the leg returns in protraction or retrac-
tion, respectively. Note that the ®rst protraction
return map Rp is not shown because it is the
trivial identity map. Also note that the trajecto-
ries shown in (A) correspond to the endpoints of
the ®ve segments of Rr shown here. C The
asymptotic retraction return map R�r formed by
composing Rr with itself. D The asymptotic
relative phase map /�r . E The asymptotic relative
phase density p�/�r � shown as both a histogram
(left) and a density plot (right). Note that the
histogram is placed sideways to emphasize its
relationship to /�r in (D)
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s0, and then cross t � T1 in retraction. The border points
between such sets of trajectories are de®ned by the
preimages of the endpoints of the segments s0, s1, s2 and
s3 (dark gray lines in Fig. 3A). Each linear piece of Rr
corresponds to one of the ®ve possible equivalence
classes (Fig. 3B):

Rr�x� �

�xÿ a1�vÿ a1; vr�
if ÿ 1 � x � a1�v� a1 � 1

��ÿx� a1 � 1�=�v� a1 � 1; vp�
if a1�v� a1 � 1 � x � 2�v� a1 ÿ 1

�xÿ 2�v� 2=�v; vp�
if 2�v� a1 ÿ 1 � x � 2�vÿ 2=�v� 1

�ÿ�vx� 2�v2 � �vÿ 1; vr�
if 2�vÿ 2=�v� 1 � x � 2�vÿ 1

�x; vr�
if 2�vÿ 1 � x � 1

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

�8�

Note that, for simplicity, we have substituted
IAEP = 1 and IPEP = ÿ1 here and in (9) and (10)
below. Note also that the black portion �x; vr� of Rr lies
along the diagonal, implying that Rr has a degenerate
continuum of neutrally stable ®xed points. This is a
common feature of the return maps for all three
mechanisms because they all contain constant pieces
equal to IPEP.

In contrast, all initial states x that begin in protraction
exhibit the intersection sequence fs0; s3g and end in the
state �x; vp� without ever being in¯uenced by mechanism
1. This is why the protraction return map Rp for mech-
anism 1 is the identity map. Indeed, any initial x whose
trajectory intersects only IAEP and IPEP will be map-
ped back to itself after one period because L1 and L2

share the same vp and vr.
Since we are interested in the relationship of L2 and

L1 many cycles in the future, we must study the higher
iterates Rn � L2�nT1� of the ®rst return map R, which
are formed by composing R with itself n times. Note
that iterating R involves interleaving Rp and Rr when-
ever the velocity switches (i.e. whenever the _x2 com-
ponent of Rp�x� is vr or the _x2 component of Rr�x� is
vp). Figure 3A shows how the trajectories discussed
above continue over a second cycle. We will refer to an
iterated return map with the property that Rl�1 � Rl

for some ®nite l as an asymptotic return map R�, since
the state of L2 is the same at all future periods beyond
l. R� can also be split into two ``colored'' asymptotic
return maps R�p�x� � R��x; vp� and R�r �x� � R��x; vr�. Of
course, R�p�x� � Rp�x�, but R�r �x� � R2

r �x� is given by
(Fig. 3C):

Note that, for x � a1�v� a1 � 1, R�r and Rr are identical,
giving a total of nine pieces for R�r .

Given the de®nition of relative phase, /� can be
computed directly from R�. /�p�x� � �x� 1�=�2�v� 2�
and /�r �x� is given by (Fig. 3D):

/�r �x� �

�xÿ 2a1�vÿ 2a1� 1�=�2�v� 2�
if ÿ 1� x� �a1� 2��v� 2a1ÿ 1

�ÿ�vx��a1� 2��v2��a1� 1��v�=�2�v� 2�
if �a1� 2��v� 2a1ÿ 1� x� �a1� 2��v� a1ÿ 1

�xÿ a1�vÿ a1� 1�=�2�v� 2�
if �a1� 2��v� a1ÿ 1� x� 2�v� a1ÿ 1

�ÿ�vx� 2v2��v�=�2�v� 2�
if 2�v� a1ÿ 1� x� 2�vÿ 1

�x� 1�=�2�v� 2�
if 2�vÿ 1� x� 1

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:
�10�

Note that /�r has fewer pieces than R�r because,
although the velocity can switch as the trajectory
moves from one sequence of intersections to another,
the phase changes continuously. The folded nature of
/�r �x� is also interesting, illustrating how mechanism 1
acts to focus a large range of initial leg positions into
a fairly small range of asymptotic relative phases.
This e�ect can also clearly be seen Fig. 3A, where the
set of trajectories in light gray are compressed into a
much narrower range of leg positions after two cycles.

In order to summarize our analytical results for
mechanism 1 and compare them to the simulation
results (Fig. 4B1 and 4C1), we need to derive the density
p�/�r � of /�r assuming a uniform density of initial leg
positions x. This is accomplished by calculating how /�r
transforms a uniform density with range [IPEP, IAEP].
If Dxi is the width of each piecewise linear segment of /�r
and D/i is the corresponding height, then this density
can be expressed as (Fig. 3E):

p�/�r � �
1

D

X5
i�1

Dxi

D/i

���� ����

�

0 if 0�/� �v=��v� 1�
2=�v� 2�v� 4 if �v=��v� 1� �/�ÿa1
2=�v� 3�v� 5 if ÿ a1 �/� 1=��v� 1�
2=�v� 2�v� 4 if 1=��v� 1� �/� �v�2ÿ a1�=�2�v� 2�
0 if �v�2ÿ a1�=�2�v� 2� �/� 1

8>>>>>><>>>>>>:
�11�

R�r x� � �

xÿ 2a1�vÿ 2a1; vr� � if ÿ 1 � x � 2a1�v� 2a1 � 1

��ÿx� 2a1 � 1�=�v� 2a1 � 1; vp� if 2a1�v� 2a1 � 1 � x � a1�v� 2�v� 2a1 ÿ 1

�x� 2=�vÿ �a1 � 2��vÿ a1; vp� if a1�v� 2�v� 2a1 ÿ 1 � x � ÿ2=�v� �a1 � 2��v� a1 � 1

�ÿvx� �a1 � 1��v� �a1 � 2��v2 � 1; vr� if ÿ 2=�v� �a1 � 2��v� a1 � 1 � x � �a1 � 2��v� a1 ÿ 1

�xÿ a1�vÿ a1; vr� if �a1 � 2��v� a1 ÿ 1 � x � a1�v� a1 � 1

Rr�x� if a1�v� a1 � 1 � x � 1

8>>>>>>><>>>>>>>:
�9�
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This concludes our analysis of mechanism 1 for the
particular parameter settings ��v; a1� � �0:9;ÿ0:5�. We
now describe how the results we have presented above
vary with parameters. In order to understand the e�ects
of coupling strength and walking speed on the behavior
of mechanism 1, it is important to characterize the
di�erent forms that the ®rst return maps Rp and Rr can
take, as well as the layout of these di�erent forms in
parameter space. It turns out that Rp is always the
identity map for mechanism 1 but, as �v and a1 are varied,
the individual linear pieces of Rr can merge or split as
di�erent ranges of initial positions undergo di�erent
sequences of intersections. The corresponding parameter
chart contains ®ve distinct regions, each corresponding
to a qualitatively di�erent form for Rr (black curves in
Fig. 4A). Analytical expressions for Rr within each
region can be derived as described above. For example,
the expression for region II was given in (8). The
boundaries between these regions can be calculated by
solving for the locus of points in parameter space where
the left and right border trajectories of an equivalence
class coincide, giving the curves a1 � ÿD�v, a1 � D
�1ÿ 1=�v� and a1 � ÿD=��v� 1�. These boundaries all
meet at the point ��v; a1� � ��

���
5
p ÿ 1�=2; 1ÿ ���

5
p �, where

multiple sets of equivalence class borders simultaneously
coincide. Interestingly, the coordinates of this point are
independent of the particular choice of IAEP and IPEP,
suggesting that it is a deeper invariant of the model
itself.

As the ®rst return maps are iterated, additional
boundaries can be introduced into the parameter chart
(gray curves in Fig. 4A). These new boundaries separate
regions of parameter space with qualitatively di�erent
asymptotic return maps. Interestingly, there is an in®nite
sequence of such boundaries for M1. Counting from the
bottom, the nth thick gray boundary separates a region
for which R�r � Rn

r from one for which R�r � Rn�1
r . These

boundaries take the form a1 � ÿD�v=�n��v� 1��. Within
region I, the thin gray boundaries a1 � ÿD�v=
��nÿ 1��v� n� further separate regions where R�r has 2n
or 2n� 1 pieces. Likewise, within region II, the thin gray
boundaries a1 � ÿD�1ÿ �vÿ �v2�=��nÿ 1���v2 � �v��, a1 �
ÿD�v ��nÿ 1��v� n� and a1 � ÿD=�n��v� 1�� separate
regions where R�r has 4nÿ 2, 4nÿ 1, 4n or 4n� 1 pieces,
respectively. Sample R�r for each region are shown on the
right side of Fig. 4A.

The simulation results presented in Fig. 4B1 and 4C1
show how the asymptotic relative phase density for a

Fig. 4. A summary of analytical results for mecha-
nism 1. A Chart of ��v; a1� parameter space showing
regions where Rr (black boundaries only) and R�r
(both black and gray boundaries) take on qualita-
tively di�erent forms. Thick gray boundaries separate
regions where Rr requires di�erent numbers of
iterations to reach R�r , while thin gray boundaries
further separate regions in which R�r contains
di�ering numbers of pieces. Sample asymptotic
return maps R�r for each region are shown to the
right of the parameter chart (since R�p is always the
trivial identity map, it is not shown). Note that there
are in®nite sequences of boundaries in regions I and
II. These regions are labeled by two additional
numbers which give the maximum number of
iterations required to reach R�r and the number of
distinct segments in R�r . B Simulated (B1) and
theoretical (B2) plots of the dependence of p�/�r � on
�v for a1 � ÿ0:6. C Simulated (C1) and theoretical
(C2) plots of the dependence of p�/�r � on �v for
a1 � ÿ1:5. In order to produce the simulation
density plots shown in B1 and C1, 50 di�erent
velocity values equally spaced in the range [0.1,1]
were simulated (because it takes too long in simula-
tion to reach the asymptotic relative phase for
�v < 0:1 the plots are blank below this value). For
each velocity slice, 200 initial leg positions equally
spaced between the intrinsic posterior extreme
position (IPEP) and the intrinsic anterior extreme
position (IAEP) were integrated using the explicit
Euler method with a step size of 0.01 s. Each run was
integrated for 50 s to allow transients to pass and
then / statistics were collected for the next 100 s. To
estimate the densities, the mean / for each run was
computed using circular statistics and binned using a
bin size of 0.0075
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given a1 varies with walking speed. In order to explain
such results, we must likewise calculate the variation of
p�/�r � with �v analytically. As �v is varied, it may cross
through several regions of the parameter chart. Ana-
lytical expressions for p�/�r � within each region can be
calculated as described above. Figure 4B2 and 4C2 show
the theoretical p�/�r � variation with �v corresponding to
the simulation results presented in Fig. 4B1 and 4C1. As
already mentioned, the white band in Fig. 4B2 has a
dependence on �v similar to that observed along the body
in the full hexapod model (Fig. 2L2). By decreasing a1,
we can make this band as narrow as we like. However,
as a1 approaches 0, the number of steps required to
reach this asymptotic relative phase becomes unbounded
as dÿD�v=�a1��v� 1��e.

4 Mechanism 2

Immediately following the start of retraction in L1,
mechanism 2 brie¯y advances the start of protraction in
L2 by shifting its PEP forward by an amount a2
(Fig. 1A). In this case, PEP2�t� can be expressed as:

PEP2�t� �
IPEP� a2 if D=jvpj � t mod T1 �

D=jvpj � IAEP�1ÿ c�=jvrj
IPEP otherwise

(
�12�

Our analysis of mechanism 2 follows the same basic
steps as detailed for mechanism 1. First, we derive
analytical ®rst return maps Rp and Rr from the
intersections of L2�t� with IAEP and PEP2�t�. Second,
we derive the boundaries between qualitatively di�erent
®rst return maps in parameter space. Third, we derive
asymptotic return maps R�p and R�r by iterating the ®rst
return maps until convergence. Fourth, we re®ne the
parameter chart by deriving any new boundaries intro-
duced by iteration. Fifth, we calculate the asymptotic
relative phase /� corresponding to each asymptotic
return map. Sixth, we calculate the corresponding
asymptotic relative phase density p�/��. Finally, we
calculate the variation of p�/�� with walking speed for
comparison with simulations.

The major results for mechanism 2 are summarized in
Fig. 5. Mechanism 2 raises a number of interesting new
issues for analysis, all of which can be traced to the posi-

Fig. 5A±C. A summary of analytical results for
mechanism 2. A Chart of ��v; a2� parameter space
showing regions where R (black boundaries only) and
R� (both black and gray boundaries) take on
qualitatively di�erent forms. Thick gray boundaries
separate regions where R requires di�erent numbers
of iterations to reach R�, while thin gray boundaries
further separate regions in which R� contains
di�ering numbers of pieces. Sample �R�p;R�r � pairs
of asymptotic return maps for each region are shown
to the right of the parameter chart. Note that there
are in®nite sequences of boundaries in region III (see
expanded view of dashed region at right). These
regions are labeled by two additional numbers which
give the maximum number of iterations required to
reach R� and the number of distinct segments in R�.
The light gray region at the top of the parameter
chart shows where transient multiple stepping oc-
curs, which we have not analyzed in detail.
B Simulated (B1) and theoretical (B2) plots of the
dependence of p�/�p� on �v for a2 � 0:25. C Simulated
(C1) and theoretical (C2) plots of the dependence of
p�/�r � on �v for a2 � 0:25. Simulation details were the
same as in Fig. 4.
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tive-going nature of this mechanism. Both Rp and Rr are
nontrivial in general. PEP2�t� now consists of ®ve line
segments. However, no trajectory can bounce o� the
trailing edgeof the active part of themechanismor the ®rst
part of the following segment because they are ``shad-
owed'' by the mechanism (Fig. 1B). This shadowing
introduces a discontinuity into the returnmaps because an
arbitrarily small change to a trajectory can switch it from
hitting the top of the mechanism to hitting IPEP.

The parameter chart for M2 contains three regions
where the ®rst return maps Rp and Rr take on qualita-
tively di�erent forms (Fig. 5A). These regions are sep-
arated by the boundaries a2 � D�1ÿ �v� and
a2 � D�1ÿ �v� ÿ IAEPc. As the return maps are iterated,
an in®nite sequence of new boundaries is introduced, as
observed in M1. Counting from the top, the nth thick
gray boundary separates a region for which R�r � Rn

r
from one for which R�r � Rn�1

r . These boundaries take
the form a2 � IAEPc=��n� 1��v� n�. The thin gray
boundaries a2 � IAEPc=�n��v� 1�� further separate each
of these regions into subregions where R�r has 2n� 1 or
2n� 2 pieces.

Another important di�erence for mechanism 2 is that
transient multiple stepping can occur for some values of
a2 (light gray region in Fig. 5A). For example, when a2 is
su�ciently large, a trajectory can bounce between the
top of mechanism 2 and IAEP multiple times before
escaping. The boundary in parameter space above which
transient multiple stepping can occur is given by the
expression a2 � D� IAEPc=��v� 1�. Since the strength
of M2 is approaching the leg excursion D above this
boundary, we will not consider this region further here.
However, it is interesting to note that multiple stepping
has been observed in simulations of pairs of oscillators
(Dean 1991a) and in experiments with stick insects
(Cruse and Saxler 1980; Foth and Graham 1983).

Figure 5B2 and 5C2 show the theoretical p�/�� vari-
ation with �v corresponding to the simulation results
presented in Fig. 5B1 and 5C1 for a2 � 0:25. Note that,
under some conditions, M2 asymptotically compresses
the phase relationship into a narrow band exhibiting a
nonlinear dependence on walking speed similar to that
observed along the body in the full hexapod model
(compare white band in Fig. 5C2 to Fig. 2L2). As a2
approaches 0, /�r is constrained to a narrower and nar-
rower band, but the number of steps required to reach
this asymptotic relative phase becomes unbounded as
d�IAEPcÿ a2�v�=�a2��v� 1��e.

5 Mechanism 3

Throughout the retraction of a sending leg, mechanism 3
advances the start of protraction in a receiving leg by
shifting the latter's PEP increasingly forward by an
amount scaled by a3 (Fig. 1A). In this case, PEP2�t� can
be expressed as:

PEP2�t�� IPEP�a3�IAEPÿx�=D if tmodT1�D=jvrj
IPEP otherwise

�
�13�

Our analysis of mechanism 3 follows the same basic steps
as did our analysis of M1 and M2. The major results for
mechanism 3 are summarized in Fig. 6. Like M2,
mechanism 3 raises a number of interesting new issues
for analysis, all of which can be traced to the graded and
positive-going nature of this mechanism. Both Rp and Rr
are again nontrivial in general and PEP2�t� now consists
of three line segments. Shadowing due to the trailing edge
of the mechanism once again produces discontinuities in
the return maps. In addition, transient multiple stepping
can occur for some initial conditions. A new feature
introduced by mechanism 3 is that a unique asymptotic
return map does not always exist and, when it does, in
general it exists only in the limit, i.e. R� � limn!1 Rn.

The parameter chart for M3 contains three regions
where the ®rst return maps Rp and Rr take on qualita-
tively di�erent forms (Fig. 6A). These regions are sepa-
rated by the boundaries a3 � 2�v and a3 � 4�v=��v2 � 1�. In
regions II and III, complex behavior can occur, including
limit cycles and dynamics that are apparently chaotic
(see the right side of Fig. 6A for an example of each).
Since there is no well-de®ned phase relationship between
the two leg oscillators in such cases, we have made no
detailed study of these regions of parameter space.

Figure 6B2 and 6C2 show the theoretical p�/�� vari-
ation with �v corresponding to the simulation results
presented in Fig. 6B1 and 6C1 for a2 � 0:5. Note that the
simulation densities corresponding to the complex
regions II and III exhibit no clear structure due to the
complex dynamics possible within these regions. Clearly
M3 cannot be depended on for enforcing stable phase
relationships at low walking speeds. Interestingly,
although M3 appears to exhibit a single stable ®xed point
for protraction (Fig. 6B2), this is not the case. As can be
seen in the sample R�p for region I (right side of Fig. 6A),
all initial conditions that begin in protraction are mapped
to the upper edge of the neutrally stable region of R�r (thin
white curve in Fig. 6C2). This edge is only half-stable.
Any perturbation above this edge will indeed decay back
down to it, but any perturbation below this edge will not
return because it enters the neutrally stable region. Note
that, once again, this thin white curve exhibits a nonlin-
ear dependence on walking speed similar to that observed
along the body in the full hexapod model (compare white
curve in Fig. 6B2 and 6C2 to Fig. 2L2).

6 Discussion

In this paper, we have presented a systematic mathe-
matical analysis of each of the three major coordination
mechanisms employed in a distributed model of leg
coordination with both biological and robotic applica-
tions. We showed how to derive piecewise linear ®rst
return maps for a system of two leg oscillators coupled
in one direction by a single mechanism. By studying the
behavior of these return maps under iteration, we
determined the asymptotic phase relationship between
the two legs, as well as how their asymptotic relationship
varies with coupling strength and walking speed.
Finally, because the ®nal phase relationship is dependent
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on initial conditions, we calculated how asymptotic
relative phase density varies with normalized walking
speed, assuming a uniform density on the initial leg
states, and compared this to the results of numerical
simulations of the model. A number of interesting
features of these coupling mechanisms have been
revealed by our analysis.

For the particular mechanisms that we have studied
here, our parameter charts provide a detailed map of the
range of behavior that each mechanism can produce.
Because we have given exact expressions for all of the
boundaries in these maps in terms of IAEP and IPEP
(and c for M2), it should be straightforward to apply
these maps to small variations of the model. We have
also given expressions for the maximum number of steps
necessary to reach an asymptotic phase relationship, at
least for M1 and M2. Our analysis has also revealed a
wealth of complexity. As coupling strength and walking
speed are varied, there are in®nite sequences of bound-
aries, regions of transient multiple stepping, phase
oscillations and apparent chaos. While this complexity
may appear surprising for such a simple model, it is
worth noting that even the tent map, which consists of
only two linear pieces, can exhibit the full complexity of

a period-doubling route to chaos (Devaney 1989). The
potential for complex dynamics is only increased by the
hybrid nature of the oscillator model (1).

Due to the piecewise constancy of portions of the
coupling mechanisms, the return maps typically exhibit
degenerate continua of ®xed points, in which the
asymptotic relative phase is only neutrally stable. Thus,
it may be more appropriate to speak of phase com-
pression in this model rather than phase locking. The
apparent phase locking observed in the full hexapod
network must arise from the cooperation of multiple
mechanisms, as well as feedback between the leg oscil-
lators. It is interesting to speculate how this might come
about. For example, in the full network, M1 and M2

operate together in a rostral direction along the body.
By comparing Fig. 4B2 and 5C2, we can see how these
two mechanisms might have a complementary e�ect. In
retraction, initial conditions that would normally end up
below the white band in the absence of M1 are mapped
by M1 into the white band (Fig. 4B2), while points that
would normally end up in the narrow channel above the
white band are mapped by M2 to the white band
(Fig. 5C2). Working together, it seems that these two
mechanisms could act to at least partially stabilize the

Fig. 6A±C. A summary of analytical results for
mechanism 3. A Chart of ��v; a3� parameter space
showing regions where R take on qualitatively
di�erent forms (black boundaries). A sample
�R�p;R�r � pair of asymptotic return maps for region I
is shown at right. Regions II and III are colored dark
gray because they contain complex dynamics whose
detailed layout we have not analyzed. A sample
�R�p;R�r � pair of asymptotic return maps from this
region exhibiting a two-cycle is shown to the right, as
are samples of higher iterates of a map from this
region that appears to exhibit chaotic dynamics (note
that only the retraction iterates Rr, R10

r , R15
r and R20

r
are shown). B Simulated (B1) and theoretical (B2)
plots of the dependence of p�/�p� on �v for a3 � 0:5.
C Simulated (C1) and theoretical (C2) plots of the
dependence of p�/�r � on �v for a3 � 0:5. Simulation
details were the same as in Fig. 4 except that 100 s
transients were discarded and / statistics were
collected for the next 200 s. Plots B2 and C2 are
blank for �v < 0:25 because this is the point at which
they intersect regions II and III, for which we do not
have a detailed theoretical understanding
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white curve seen in Fig. 5C2, although these two
mechanisms alone would still exhibit neutral stability
within the gray funnel. However, a de®nitive under-
standing of the interaction between mechanisms must
await an analysis of the complete network.

At least one feature of the full hexapod model can be
explained by our analysis of the individual coordination
mechanisms. We have repeatedly seen how the individ-
ual mechanisms compress a range of initial conditions
into a narrow band of relative phase whose dependence
on walking speed is strongly reminiscent of that ob-
served in the full hexapod model (e.g., compare
Figs. 4B2, 5C2, 6B2 and 6C2 to Fig. 2L2). Why does
this occur? All three mechanisms have a rising edge at
the point that L1 switches from protraction to retraction
(Fig. 1A). Under a wide range of conditions, all three
mechanisms act to funnel initial conditions so that the
onset of protraction in L2 occurs at this point, whose
relative phase is simply �D=jvpj�=T1 � �v��v� 1�. This ex-
pression closely matches the shape of the asymptotic
relative phase curve for L2 in the full hexapod model
(Fig. 2L2). Assuming that the same process occurs be-
tween L2 and L1, the asymptotic relative phase of L1
against L3 would be �D=jvpj � D=jvpj�=T1 � 2�v=��v� 1�,
which closely matches the curve for L1 (Fig. 2L1).

Perhaps the most important contribution of the
analysis described in this paper is the general framework
that we have outlined for studying individual coordina-
tion mechanisms in Cruse's model. Our approach could
be straightforwardly applied to variations of the mech-
anisms that we have considered here. For example, the
importance of small implementation di�erences could be
examined, such as using duration rather than position to
determine the extent of the active portion of M2. The
e�ect of a velocity-dependent gain in M3 could also be
studied. Our approach could also be applied to mecha-
nisms that we have not considered here, such as mecha-
nism 4 in the stick insect, by which one leg modi®es the
AEP of a more posterior leg (Cruse et al. 1998). In
addition, our approach could be applied to combinations
of mechanisms. Of particular interest are the combina-
tions M1 �M2 (which operate in the rostral direction in
the full hexapod network) and M2 �M3 (which operate
across the body). It would also be interesting to explore
the implications of our results for designing coordination
mechanisms that stabilize a desired phase relationship.
Of course, our ultimate goal is to understand the
dynamics of the full hexapod network. This will require
an extension of the approach we have described here
because the feedback between legs makes it more di�cult
to use any one leg oscillator as a reference oscillator.
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