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ABSTRACT

To sene asynchronousequestsisingmulticast,two categoriesof
techniques—streammerging and periodic broadcasting—hee been
proposed For sequentiabtreamingaccesswhererequestareun-
interruptedfrom the beginning to the endof an object,thesetech-
niguesarehighly scalabletherequiredsenerbandwidthfor stream
meiging grows logarithmically asrequestarrival rate,andthe re-
quiredsener bandwidthfor periodicbroadcastinyarieslogarith-
mically astheinverseof start-updelay A sequentiabccessnodel,
however, is inappropriatéo modelpartialrequestsandclientinter
activity obseredin variousstreamingaccessvorkloads. This pa-
per analyticallyand experimentallystudiesthe scalability of mul-
ticastdelivery underanon-sequentiadccessnodelwhererequests
startat randompointsin the object. We shav that the required
senerbandwidthfor any protocolprovidingimmediateservicegrows
at leastasthe square root of requestarrival rate,andthe required
sener bandwidthfor ary protocolproviding delayedservicegrons
linearly with theinverseof start-updelay We alsoinvesticatethe
impact of limited client receving bandwidthon scalability We
optimize practical protocolswhich provide immediateserviceto
non-sequentialequestsThe protocolsutilize limited clientrecev-
ing bandwidth,andthey arenearoptimalin thattherequiredsener
bandwidthis very closeto its lower bound.

1. INTRODUCTION

Streamingmediadelivery presentsa formidable strain on sener
and network capacity With the mushroomingdemandfor large
electronicartifactsstoredin Internetsenersrangingfrom Video-
on-Demandenersto softwarerepositoryseners,multicastemeges
asapromisingscalabledelivery techniqueor suchcontent.

Multicastcanbe usedin botha demand-dren (closed-loop¥ash-
ion and a data-centeredopen-loop)fashion. In closed-loopap-
proachesservicestartsassoonasa requesis made.However, as
time goesby, it is possiblethat the servicebe delegatedto an ex-
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isting multicaststream.For example,considera scenarian which

two clientsdownloadaone-houwnideo,with thesecondtlientstart-
ing one minute after the first. Serviceto the secondclient starts
immediatelythrough a dedicateddelivery of the first minute of

the videoto that client, with the remainingfifty nine minutesob-
tained (and bufferedfor playoutone minute later) by joining the
first client’s multicastchannel.In open-loopapproachesa sener
multicastsheobjector the sggmentsof theobjectperiodically and
clientssimplyjoin suchmulticastchannelsSinceaseneris notin-

teractizely respondingo requestrrivals, clientsmay have to wait

beforeservicecouldstart.

Bothclosed-loomndopen-loompproachebave beenwell-studied,
includingtheearlybatching[13, 15], piggybacking23, 24, 2, 30],

and streamtapping/patchind10, 27, 9, 22, 41, 8] techniquesas
well asthe morerecentstreammenging [17, 18, 19, 7, 14, 33, 6,

44] andbroadcastingrotocols[43, 3, 28, 16, 21, 29, 36, 37, 38,

40, 39, 26, 42]. Two particulartechniques—streammerging and

periodicbroadcasting—hae beenshavn to behighly scalable.

Streammeming originatedwith thework of EagerVernon,andZa-
horjan[17, 18, 20]. With streammeiging, sener bandwidthgrows
logarithmically with requestarrival rate (or the averagenumberof
clientsrequestingnobjectsimultaneously)Periodicbroadcasting
wasintroducedby Viswanatharandimielinski [43]. With periodic
broadcastingglientsmay obsene a smallstart-updelaybut there-
quiredsener bandwidthgrows logarithmically with the inverseof
thatstart-updelay Both streammeiging andperiodicbroadcasting
techniquesrebuilt ontheassumptionshatclientshave higherre-
ceiving bandwidththantheobjectplaybackrate,andthatthey have
local storageto keepprefetchedbortionsof the objecttemporarily

The scalability of both streammeiging and periodic broadcasting
restsontheassumptiof sequentiahccessThatis, clientsrequest
anobjectfrom thebeginningandplay it withoutinterruptionto the
end. It is unknavn how thesetechniquescalein a non-sequential
accesgrnvironment,in which clientsmay requesthe segmentsof
anobject.Indeed recentstudieson the characterizatioof stream-
ing accessvorkloadq34, 25,12,4] haverevealedthatclientaccess
is seldomsequentiatiueto frequentlientinter-actiity. While sev/-
eral studieshave tried to minimize the bandwidthrequiremenfor
non-sequentiahccessn Video-on-Demandeners[5, 31, 32, 1,
11, 35], it is still unknavn what arethe potentialsandlimitations
of multicastdelivery in a non-sequentighcces&nvironment.

We give two exampleapplicationswvith non-sequentisdccesshar
acteristics. The first exampleis interactve Video-on-Demandor
remotelearningin aneducationaervironment,or for presseleases



in a corporateernvironment,for example. Here a potentiallylarge
numberof clients may requestan objectwithin a shortperiod of
time (e.g., afteralectureis releasedpr aftera pressreleasds put
out), but not all of themmay settlefor a continuousplayoutfrom
beginning to end. Specifically clientsmay jump frequentlyusing
VCR functionality suchas pause fast-forward, skip, and rewind.
Clearly it is desirablehatthesenerbeableto supportavery large
numberof simultaneousequestsvhile minimizing the start-upde-
lay for theserequestsThe secondexampleis real-timelarge soft-
waredistribution applications.Herea large numberof clientsmay
needto downloada new softwarereleaseimultaneouslyor within
a very shortperiod of time, possiblyin reactionto a cyberthreat,
or to fix asoftwarevulnerability Theentirelargesoftwarepackage
couldbeviewed asa streamingobjectandsened usingmulticast.
However, differentclientsmayrequiredifferentcomponent®f the
softwaredueto customizednstallationsfor example. This trans-
latesto “jumps” in the procesf accessinghe object.

Paper Contrib utions and Overview

This paperconsiderghe problemof usingmulticastto sere non-
sequentialequests.Undera simple non-sequentiastreamingac-
cessmodel,we derive a tight lower boundon the requiredsener
bandwidthfor arny protocolsproviding immediateor delayedser

vice. The lower boundis validatedthroughsimulation. It also
appearghat this lower boundholdsfor more generalcases.Our
resultsindicate that the scalability of multicastdelivery undera
non-sequentiahccessnodelis notasgoodasthelogarithmicscal-
ability achievable undera sequentialaccessmodel. Specifically
we shav that for non-sequentiahccesghe requiredsener band-
width for ary protocolproviding immediateservicegrows at least
asfastasthesguareroot of requestrrival rate, andthattherequired
sener bandwidthfor ary protocolproviding delayedservicegrows
linearly with the inverseof the start-updelay We alsostudyhow

limited clientreceving bandwidthmayimpactscalability Finally,

we proposepracticalandvery simpledelivery protocolgthatrequire
sener bandwidthvery closeto the lower bound. Theseprotocols
provide immediateserviceto clients,andthey assumenly limited

clientreceving bandwidth.

The paperis organizedasfollows. Section2 presentsomeback-
groundknowledge and relatedwork on streammeiging and pe-
riodic broadcastingechniques.In Section3, we derive the lower
boundsnrequiredsenerbandwidthunderasimplenon-sequential
accessnodel. Section4 presentsimulationresultsthat validate
our analytical resultsunder more realistic non-sequentiabccess
models. In Section5, we study the impactof limited client re-
ceiving bandwidth. In Section6, we presentoptimizedmulticast
delivery protocolsfor non-sequentiahccessWe concludein Sec-
tion 6 with a summaryandwith directionsfor futurework.

2. BACKGROUND AND RELATED WORK
Thissectionbriefly describeswo previoustechniquesstreanmeng-
ing and periodic broadcastingvhich utilize multicastdelivery to
sene streamingmediaobjects. We presentresultsfrom previous
work on the scalability of thesetechniqueswhen streamingac-
cessesre sequential.In addition, we introducea non-sequential
accessnodel(andnotationsthereof)usedin this paper

2.1 StreamMerging

In streammeming, a sener immediatelydeliversthe objectin re-
sponseto a client’s request. This meansthat the sener initiates
a streamfor the client. However, assuminghatthe client recev-

Figure 1: An example of hierarchical stream merging. (a)
Client receving bandwidth is twice the object playback rate.
(b) Client receving bandwidth is 1.5times the playback rate.

ing bandwidthis higherthanthe object’s playbackrate (it is of-
ten assumedhat the client canreceve up to two streamsat the
sametime), it is possiblefor theclientto listento asecondngoing
streamof the sameobject,which wasinitiated by anearlierclient.
As time goesby, it is possiblethat the first streambecomeso
longernecessarginceits future contentwould have beenalready
prefetchedrom the secondstream.Thus,the clientis ableto join
anongoingmulticastsessiorby virtue of making-upthe contentit
missedfrom that sessionusing a dedicatedstream. This process
of meging with multicastsessionghat startedearlier(andin the
processpruning sessionghat startedlater) can be repeatednary
times, giving rise to hierarchical streammeiging [20] asopposed
to the streamtapping/patchingechniquesvhere meging occurs
only oncefor eachclient.

Figure 1 givesan examplewherethreeclients (A4, B, andC) re-
questan objectat timesO0, 3, and4, respectiely. Figure1(a)as-
sumeghattheclients’receving bandwidthis twice theobjectplay-
backrate. The sener initiatesonestreamfor eachclient. ClientC
alsolistensto the streamfor B andprefetcheslatathere. At time
5, the streaminitiatedfor C' is nolongernecessarginceC' hasal-
readyprefetchedindwill keepprefetchingdatafrom thestreanfor
B. Fromthispointon, C startsto listento thestreanfor A. Notice
that, B startsto listento the first streamearlier B virtually joins
A attime 6 andC joins A attime 8. Also noticethat, aftertime 6,
the streaminitiated for B is no longernecessaryor B, but C has
yetto retrieve sggment[3,5] of the object. The sener may initiate
a streamagain for C, or simply prolongsthe streamfor B by two
unitsof time until C joins A (asshown in thefigure).

It is oftenthecasethatclientreceving bandwidthis lessthantwice
theobjectplaybackrate. Bandwidthskimmingprotocolg19] work
well in this case. Eachstreamis divided into & substreamsising
fine-grainednterleaving, wherek is a positive integer Eachsub-
streamis thentransmittecbn achannelith rateequalto 1 /& times
the objectplaybackrate. Streammeging is possibleif clientscan
receve atleast(k + 1) substreamst the sametime. Figure 1(b)
givesanexamplewhenk = 2. In time interval [4,5], C receves
two substream®f its own and prefetchesonly one substreanof
B. After that,in time interval [5,6], C' needonly receve onesub-
streamof its own and prefetcheghe two substreamsf B. Even-
tually, C joins B attime 6. Similarly, B joins A attime 9, and
C joins A attime 12. A salientfeatureof bandwidthskimming
is thatwhenclient receving bandwidthis slightly higherthanthe
objectplaybackrate(e.g., by 25%),therequiredsener bandwidth
is still comparableo thatunderan unlimited receving bandwidth
assumption.
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Figure 2: The scheduleof Skyscraper broadcastingwith 7 seg-
ments. The transmissionplansfor two clientsare shown by the
shadedsegments.Each client recevesat mosttwo segmentsat
the sametime, and can continuously play out the object after a
start-up delay smaller than the duration of the first segment.

It hasbeenshown thatunderboth unlimited andlimited receving
bandwidthassumptionsthe requiredsener bandwidthincreases
logarithmicallywith requestarrival rates[20]. Thus,streammeig-
ing substantiallyoutperformsstreamtapping/patchingechniques
wheretherequiredsener bandwidthincreasesisthe squareoot of
requestrrival rate[22, 20].

2.2 Periodic Broadcasting

In periodicbroadcastingchemesalongobjectis dividedinto ase-
riesof sggmentswith increasingsizes.Eachsegmentis periodically
broadcastedn a dedicatedchannel. Whena client is playing an
earliersegment,laterseggmentsareprefetchednto theclient'slocal
buffer. To make this possiblethe clientmusthave higherreceving
bandwidththantheobjectplaybackrate.Lik e streammeging, it is
oftenassumedhatclientscanreceve two streams/sgmentsatthe
sametime. The segmentsize progressioris madein sucha way
so that oncethe client startsplaying the first sggment,the whole
objectcanbeplayedout continuously

Two importantperformancenetricsof periodicbroadcastingroto-
colsaretherequiredsener bandwidthandthe start-updelay The
requiredsener bandwidthis proportionalto the numberof seg-
ments,which is fixed andindependentf the requestarrival rate.
The maximumstart-updelay is equalto the durationof the first
segment. A desirablepropertyof periodic broadcastingrotocols
is thatthe smallfirst sgmentpermitsa small start-updelaywhile
thelargerlater sggmentsallow the total numberof segmentsto re-
main small. To achieve the besttradeofs betweenthesetwo met-
rics,abroadcastingrotocolneeddo find thequickestsggmentsize
progression.

Variousperiodicbroadcastingrotocolshave beenproposedn the
literature.To understandhe generaideabehindtheseprotocols,it
sufficesto describeoneexample the Skyscraper broadcasting [28]
protocol. Skyscraperbroadcastingassumesghat client receving
bandwidthis twice the objectplaybackrate. The seriesof segment
sizesis {1,2,2,5,5,12,12,25,25,52,52}...The broadcasschedule
with seven segmentsis shavn in Figure2. The figure shawvs that
two clients,startingin time intenval (1,2) and(16,17),respectiely,
aresenedwith delaylessthanoneunit of time, andhenceforttcan
continuouslyplay out the object. Thesetwo clientshave different
transmissiorschedulesasshovn by the shadedsegmentsnoneof
themneeddo receive morethantwo seggmentsatary time.

The sgmentsize progressiorof Skyscraperbroadcastindhasthe

following property: the sizeis at leastdoubledevery two steps.
Differentbroadcastingrotocolsmay have differentsegmentsize
progressionse.g., geometricseriesand Fibonacciseries,but it is

commonthatthesizeincreasesxponentially. Thus,thetotal num-
berof segmentgwhichis proportionalto the requiredsener band-
width) is alogarithmic function of the inverseof the first segment
size(whichis proportionalto the start-updelay).

2.3 Notation and Assumptions

Someof the notationusedin this paperarelistedin Table1. Let
T bethelengthof anobjectin bytes. Assumingthat suchan ob-
jectis playedout at a constantbit-rate of one byte per unit time,
its durationis alsoT" unitsof time. We considerthefollowing sim-
ple modelfor non-sequentiahccessesRequestarrivals follow a
Poissomprocesawith arrival rate A. Eachrequests for a segment
of size S which startsfrom a randompoint in the object. We as-
sumeS < T'. For simplicity, we assumehatthe objectis cyclic,
which meansthat accesamay proceedpastthe end of the object
by cycling to the beginning of the object. Parameterd”, A, and .S
uniquelyspecifyaworkload.

For easeof presentationye introducetwo otherquantitiesN and
M, which are derived from the threebasicparameterd’, A, and
S. Let N denotethe averagenumberof clientsbeingservicedat
the sametime. Using Little’s Law, it follows that N = AS. To
assesshe scalabilityof a multicastdelivery protocol,it is custom-
aryto find out how the sener bandwidthB grows asa function of
N. Similarly, let M denotethe averagenumberof requestover a
periodof time T'. Again, it followsthat M = A\T'. Noticethatby
definition, M > N. It alsohelpsto understandhatif S = 7'/4 for
examplethenM = 4N.

Let d denotethe maximumdelay before servicefor a requestis
started. Underan immediateserviceassumptiond = 0. Thus,
immediateserviceis a specialcaseof delayedservice. For clar
ity, in our analysisof the next section,we first consideimmediate
service andthenconsiderthegeneraldelayedservice.

Let n denotetheclientreceving bandwidthin unitsof objectplay-
backrate. For example,n = 2 meansthe client canreceve two
streamsat unit playbackrate simultaneouslyWe first assumehat
n is unlimitedin the derivation of the lower boundon the required
sener bandwidth. In Section5, we usesimulationsto shav that
whenclientreceving bandwidthis limited, therequiredsenerband-
width increaseslightly.

Finally, consideringthat storageis not expensve, we assumehat
the clients have large enoughbuffers, and thus can always keep
prefetcheddatain their buffers.

2.4 Scalability of Multicast Delivery

for SequentialAccess
For sequentiabccessrequeststartfrom the beginning of the ob-
ject and continueuninterruptedlyuntil the end. Thus, S = T.
Eageret al. [20, 33] derived a tight lower boundon the required
sener bandwidthfor ary protocol(including streammeiging) that
providesimmediateservice.Thelower boundis:

_ T dx
N /(; z4+1/X
= In(N +1). (2)

Bzmmedzate sequential
minimum



| Notation | Definition

objectduration(or lengthin bytes,assumingonebyte perunit time)

clientrequestrrival rate

durationof eachrequest

averagenumberof requestarrivedin T'. This quantityis equalto AT’

requiredsener bandwidth(in unitsof objectplaybackrate)

T
A
S
N averagenumberof clientsbeingservicedat sametime. This quantityis equalto AS.
M
B
d maximumstart-updelayfor eachrequest

n

clientreceving bandwidth(in unitsof objectplaybackrate)

Table 1: Notations usedthr oughoutthis paper.

Theboundis derivedby consideringanarbitrarily small portion of
the objectat offsetz. This portionis multicasted.Later requests
mayjoin themulticast,until thefirst requesaftertime x which has
missedthis portion. On average the serner needgo multicastthis
portionagain aftertime « + 1/A. This boundcanbe extendedby
addinga start-updelayd asfollows:

B /T dx
T Jo xHd+1/A

- w1 )

Bdelay,sequential
minimum

Ad+1
For periodic broadcasprotocolswhich assumearbitrary large A,
theabove lower boundis:

Bpe'riodic,sequential _ ln(z + 1) (3)

In summary with sequentialaccess(1) the lower boundon the

requiredsener bandwidthfor arny protocol providing immediate
servicegrows logarithmically with requestrrival rate,and(2) the

lowerboundontherequiredsenerbandwidthfor ary protocolpro-

viding delayedservicegrowslogarithmicallywith theinverseof the

start-updelay Theseresultsprovide thebasicscalabilityarguments
of multicastdelivery undera sequentiabccessnodel.

3. MULTICAST DELIVERY
WITH NON-SEQUENTIAL ACCESS

In this section,we considemon-sequentiahccessandderive tight
lower boundson the requiredsener bandwidthfor any protocol
providing immediateserviceanddelayedservice.We assumehat
clientreceving bandwidthis unlimited.

3.1 Scalability of Immediate Sewice Protocols
We considerprotocolsthat provide immediateserviceunderthe
simple non-sequentiahccesamodel describedn the last section.
Letusconsidemnarbitrarily smallportionof theobject,sayabyte.
Assumethat at time 0, this byte is multicasted. The questionis,
whendoesit needto be multicastedagain?

Considertherandomvariabler whichis thetime elapsedintil this
byte must be multicastedagain—i.e., T is the latestpoint in time
beyondwhicharequestvould bedelayedf thebytewerenot mul-
ticastedagain. Clearly, at time 7 this byte mustbe immediately
neededy somerequesbecausegtherwisethe multicastingof the
byte could have waited, which by definition of 7 is not the case.
Sucharequesimusthave beeninitiated aftertime 0 becausegth-
erwise, the byte could have beenretrieved from the multicastat
time 0. Our ultimategoalis to computehow frequentlythe byteis

sened—i.e, theexpectatiorof 7. To doso, it suficesto derive the
probability densityfunctionof 7, denotedf(.). We do sobelow.

Considerthearrival process( X }, whereevent X is the playoutof
the byte by somerequest.|t is obvious thatthis arrival processs
a Poissorprocesswith anarrival rateA = AS/T" = N/T'. That
is, on averagethe byte is playedout N timesin T. As we ex-
plainedearlier the playoutof the byte by somerequestat a given
momentdoesnot necessarilyneana multicastof the byte at that
precisemoment. Thus, what we are interestedin is anotherar
rival process—namelyhosearrivalsin { X} that necessitat¢hat
the byte be multicasted again. Let {X’} denotesuchan arrival
processandlet A’ denotethearrival ratefor this process.

Arrivalsin {X'} areclearly a subsetof arrivalsin {X}. Specifi-
cally, anarrival in { X'} that could have retrieved the byte at time
0 mustbe excludedfrom {X’} sincesuchan arrival would not
requirea re-multicastingof the byte attime 7. Assumethatanar
bitrary X occursattime z. If z < S, thenwith probability z/S
it is alsoaneventof {X'}. If x > S, then X is certainly (with
probability 1) aneventof { X'}. Thereforethearrival rate A’ is a
functionof thearrival time x:

/ _ Az/S, ifx<S
N(z) = {A, if 2> 9
This obsenationis mademoreclearin theillustrationbelow.
A (x)
Al ____
0 S T\mea:‘

Whenz = 0, A’(z) = 0, sincecertainlyaneventof { X } is notthat
of {X’}. Whenz increases)A’(z) increasedinearly until z = S.
Whenz > S, aneventof {X} is certainlyaneventof {X'}, so
A(z) = A.

We arenow readyto derive the maginal anddensityfunctionsof

the randomvariable. To do so, we first computethe expected
numberof events X’ beforetime x.

a(r) /OI AN (z)dx
Ax?

2
= 25
{ A(I— %)7

ifz<S
ifz >S5
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Figure 3: Lower bound on required server bandwidth for im-
mediate service protocols,varying with the number of simulta-
neousrequestsN and segmentrequestarri val rate M.

Noticethatthe probabilitythatthereis no arrival overtime interval
(0, z) is equalto e~*(*) sincethearrivalsareindependentHence,
themaginal distribution functionof 7 is:

F(x) = P{r>z}
= 1— P{noarrivalin intenal (0, z)}

o 1—6_%,
a 1—6_/\(’”_%7

Consequentlythe probability densityfunctionis:

ifz <S8
ifx>S

_ dF(z)
Az ,M H

_ e 23 5 ife <SS
Ae =3 ifr> S

Theremaindeof thederiationis straightforvard. We computethe
expectationof ~ asfollows:

/000 xf(x)dx

25 3 AS —AS 1
= \/X’Y(i«,?)*‘@ 2 (S+K)s

Elr] =

wherethe incompletegammafunctiony(a, b) = fob z e % dx.
Finally, we obtainthe averagerequiredsener bandwidthas

T

B = Em

T
—AS .
VEYG A +e 2 (S+ 1)

SubstitutingA with N/T" and.S with N'I'/M, we obtainthe fol-
lows

B = L : (4)

2 —N2
Zv(E, Fp) +e (55 + %)

2|

The above, seeminglycomple result can be greatly simplified.
WhenN? > 2M, theincompletegammafunction (2, é"—;[) ap-

proacheshe completegammafunction v(2, 00) = /7/2 very

_nN2 _ N2
fast.Also, sincee% approachezeroveryfast,e% (% + %)
is insignificant.Hence,B ~ /2M /7 ~ 0.797+/M. This means
thatwhen M is of the sameorderas NV, the requiredsener band-
width is at the orderof v/N. This lower boundis much higher
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Figure 4: Lower bound varying with N when M is fixed.

thanthelogarithmic bandwidthrequiremenbf streammeiging for
sequentiatequests.

Generally when M increases,B also increases. For example,
when2M = N2, we computethelower boundto be B ~ 0.54 NV,

which is comparabldo therequiredsener bandwidthundera uni-

castservice. FurtherincreasingM resultsin diminishingthe ad-
vantageof multicastdelivery, especiallywhenmulticastoverhead
is takeninto consideration.

For the generalcase,it is easyto numericallysolve equation(4).

We have donesoby varying N from 1to 1000andvarying M from

N to 100N. Theresultsareshovn in Figure3. From Figure3(a),

we obsenre thatthe requiredsener bandwidthincreasewvery fast
when M increase4S decreasesinceS = N1'/M). Eventually

it is closeto that of a unicastservice. Notice that for sequential
accessstreammemging techniquesave the requiredsener band-
width lower boundlog (N + 1), which would be at the bottom of

the plot (not showvn here). Figure 3(b) shavs the sameplot except
thatthe axesarein log-scale.We obsenre thatthe log-valueof the

lower boundis approximatelylinear to thoseof N and M. This

is becauseof the power-law relationshipbetweenB and N: the

lower boundon bandwidthis atthe orderof /N when M is close
to N, andwhen M increaseso the orderof N2, the lower bound
increaseso theorderof N.

In Figure4, to betterillustratethelower bounds behaior, we plot-
tedit by fixing M atseveralvalues but varying N upto M. Note
thathere\ is fixed, soincreasingV meansincreasingS. As can
be obsenred from the figure,when N is small, the requiredsener
bandwidthincreasedinearly with N. When N is large, the re-
quiredsener bandwidthis boundedy the constant).797+/M.

Note: The analysiswe presentedn this sectionassumegonstant
segmentsizes.For thegeneralkcase whenthe sgmentsizeis vari-
able,we found it difficult to derive the lower boundanalytically
More detailsaregivenin Appendix.

3.2 Scalability of Delayed Service Protocols
We now focus on the more generalcase—protocolshat provide
servicewithin a fixed delay We use the non-sequentiabiccess
model describedin the last section. Requestsare satisfiedin a
slightly differentway. Eachclient tolerateswaiting for an inter-
val of d time units (bytes)beforeit playsthe requestedsegment
of the object. During this intenal, the client joins other streams
to retrieve the bytesthat will be played. Oncethe client startsto
play the object,it continuesretrieving later byteswheneer avail-
able. The client initiates a streamfor thosebytesthat cannot be
retrieved from otherongoingstreamslt is obviousthattheimme-
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Figure 5: Lower bound on required setver bandwidth for de-
layed sewice protocolsvarying with N and M. The delayis set
to several typical values.

diateservicemodelis a specialcaseof this delayedservicemodel
whend = 0.

As before,assumahat an arbitrary byte is multicastedat time O.
Let = denotethe time when the byte must be multicastedagain.
Comparedo theimmediateservicecase the expectationof = in-
creasedy d. Hencewe canderive thelower boundof therequired
sener bandwidthto be

B = )

If d = 0, this lower boundis consistenivith equation(4). When
d/T is still very small comparedo +/1/M, this lower boundis
closeto that of immediateservice. Generally whend increases,
this lower bounddecreasesHowever, the rate at which the lower
bound decreasess no higher than the inverseof d. This sug-
geststhatthe useof delayedserviceis lesseffective undera non-
sequentiabccessnodelthanit is undera sequentiabhccessnodel.
Recallthatfor sequentiahccessperiodicbroadcastingechniques
reducebandwidthrequirementinearly by increasingservicedelay
logarithmically

It is straightforvard to numericallysolve equation(5). We have
donesoby varying N from 1to 1000,varying M from N to 100V,
and choosingtypical valuesfor d (0.0017", 0.0057", 0.027", and
0.17T). Resultsareshownn in Figure5. We obsere thatwhend is
small, for exampled = 0.0017", the lower boundon bandwidth
is closeto that of immediateserviceshovn in Figure3. Whend
increasesthe lower bounddecreasesFor all the casesthe lower
boundis nolargerthan’/d.

It is importantto notice that, whend is larger, the lower bound
approache% fasteras N and M increaseFurtherincreasesf N
and M do notresultin higherbandwidthrequirement.
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Figure 6: Required sewver bandwidth for immediate sewice
protocolsobtained thr ough simulation, varying with the num-
ber of simultaneousrequestsN and segmentrequestarri val
rate M.

4. SIMULATION RESULTS

The lower boundsof the previous sectionwere derived using an
ideal non-sequentiahccesanodel assumingndependenarrivals
andconstanseggmentsizes.To validatetheselower boundsandto
establishtheir robustnessindermorerealisticconditions,we per
formedextensie simulationswhich we describen this section.

4.1 Immediate Sewice

We have written asimulatorfor a protocolthatprovidesimmediate
service. Assumingunlimited client receving bandwidth,a client
retrieveslater bytesfrom ongoingstreamsvheneer possible.If a
byte cannotbe obtainedin this way beforethe time of play; it is
multicastedas late as possible(at the time of play) so that other
clientscanfully utilize it. We varieda numberof simulationpa-
rameters:N from 1 to 1000and M from N to 100N. Theresults
areshovnin Figure6. To obtaineachpointin thefigure,weranthe
simulatormary timesandtook the averagebandwidth.For clarity,
the confidencentenal is not shavn.

ComparingFigure 6 with Figure 3, we find thatin all casesthe
averagerequiredsener bandwidthobtainedthroughsimulationis
very closeto thatof our numericalanalysis.This is expectedsince
thederivedlower boundis tight.

Figure7 shavs the averagebandwidthfor somespecialcasesThe

figure shavs the requiredsener bandwidthobtainedthroughsim-

ulation, the lower bound,andthe requiredsener bandwidth(also

obtainedthroughsimulation)for sequentiahccessgor comparison
purposes.
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Figure 7: Comparison of the scalability of multicast deliv-
ery for immediate sewice protocolsunder sequentialand non-
sequential accessmodels. Non-sequentialrequestsare gener
ated suchthat eachrequeststarts from a random point in the
mediaobject.
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Figure 8: Required serwver bandwidth for immediate service
protocolsobtained thr ough simulation, varying with the num-
ber of simultaneousrequestsN and segmentrequestarri val
rate M. Mean segmentsizeis N1'/M.

In particular Figure7(a) shavs the casewhen M = 4N. Thatis
S =1T/4,i.e, eachclientrandomlyrequests sggmentwhosesize
is equalto one-fourthof the whole object. Figure 7(b) shows the
caseM = 16N. Thatis S = 1'/16.

From Figure 7 we obsene that the requiredsener bandwidthfor
non-sequentiahccessncreasegyuite fast. Both the resultsfrom
simulationandthe lower boundaremuchhigherthanthosefor se-
guentialaccessWe have alsocomparedherequiredsener band-
width for sequentiabcceswith its theoreticalvalue (not shown),
log(N + 1), andfoundthatthey matchwell.

For sequentiabccesstherequiredsener bandwidthincreasesog-
arithmically with requestarrival rate. For non-sequentiahccess,
therequiredsener bandwidthincreasesvith the squarerootof N.
In addition,we obsenedthatwhenM = 16N therequiredsener
bandwidthis roughly twice that obtainedwhen M = 4N. This
is consistentith the factthat the lower boundapproximatelyin-
creasessthesquarerootof M.

4.1.1 Effect of Variable Segment Sze

Notethatin ouranalysiglastsection)andin theabove simulations,
we assumedhatthe segmentsizeis aconstantS equalto NT'/M.

In morerealisticworkloads the segmentsizecanvary accordingo

somedistribution. Thus,onequestionis whetherthe lower bound
still holdsfor variousdistributionsof S.

To answerthis question,we generatedsegmentsizesthat follow
a uniform distribution anda Paretodistribution, respectiely. The
meansegymentsizeis S = NI'/M. For the uniform distribution,
we let the sgmentsize vary between0 and2S. For the Pareto
distribution, we setits shapeparametery = 2.0 andcomputedts
scaleparametek to ensurea meansegmentsizeof S = NT/M.
We have also performedsimulationswith othervaluesof « (not
shavn) and found that the correspondingeffects on the required
sener bandwidthwerenggligible.

Figure8 shavs theresultswe obtainedrom simulationswith vari-
able segmentsizes. Comparingtheseresultswith thoseobtained
undera constansegmentsizeassumptior(shavn in Figure6), as
well asthe lower bounds(shavn in Figure 3), we found that the
differencesarealmostnegligible.

The aborve resultslead us to concludethat with variablesegment
sizes,the requiredsener bandwidthalso increasesasthe square
root of requestarrival rate.
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Figure 9: Required sewer bandwidth for immediate sewice
protocolsobtained thr ough simulation, varying with the num-
ber of simultaneousrequestsN and segmentrequestarri val
rate M. Requestsare generatedusingan ON-OFF model. ON-
segment(requestduration) and OFF-segment(jump distance)
follow Pareto distrib ution.

4.1.2 Effect of Request Correlations

Our simulationssofar wereobtainedunderanassumptiorthatre-
questarenot correlatecandthatthey startanywherein the object.
In the setof simulationswe describenext, theseassumptionsvere
removed. To do so,we generatedequestshatexhibit characteris-
tics obsenedin realstreamingaccessvorkloads.

We adoptthe following modelfor clientinter-actvity. Eachclient
startsa session from the beginning of an object. After receving
a sggmentof the object (the ON-sggment),the client skipsa por
tion of the object(the OFF-sgment). This procesgepeatauntil a
requesbr ajump goesbeyond eitherendof theobject.

In prior studiesthatcharacterizedtreamingaccessvorkloads[34,
4], it hasbeenobsenredthatthedistributionsof ON-segmentstend
to be heary-tailed. In particular the Paretodistribution wasfound
to be a closefit. Thus,in our simulations,we generatedequests
that exhibited suchproperties.For ON periods,we useda Pareto
distribution with parameterx = 2 andwe setthe scaleparameter
k to achieve anaveragesggmentsizeof S = NT'/M. For OFFpe-
riods,we alsouseda Paretodistribution with parametery = 2 and
we setthe scaleparametelk to achieve an averagejump distance
of S/2. Resultsrom thesesimulationsareshavn in Figure9.

In othersimulationexperimentgnot shawn) we changedhe aver
agejump distanceaswell asotherparametersOur resultssuggest
thattherequiredsener bandwidthappearsiot to bevery sensitve
to thesevariations.

Figure9(a)shownstheresultsvhenonly forwardjumpsareallowed.
Thatis, eachclientrequesta segmentandskipsa segmentto con-
tinue,andso on until the endof the object. Figure9(b) shows the
resultswhen33% of the jumpswerebackwardjumps. Comparing
theseresultsto the lower boundin Figure3 andthe simulationre-
sultsin Figure6 and8, we foundthe requiredsener bandwidthto
bevery close.

ComparingFigure 9(b) to Figure 9(a), we found that with back-
wardjumps,therequiredsener bandwidthdecreaseslightly. We
have estimatedhe differenceandfoundit to be up to 15%. This
canbe explainedasfollows. In our simulation,we assumedhat
eachclient hasa large enoughbuffer to keepthe segmentsof the
objectthat have beenplayed. With backward jumps, it is possi-
ble that the client plays a portion of the objectkeptin the buffer.

This is equivalentto introducinga start-updelayfor the request.
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Figure 10: Required sewver bandwidth for immediate service
protocolsobtained thr ough simulation, varying with the num-
ber of simultaneousrequestsN. M is setto several values. Re-
guestsare generatedusing an ON-OFF model.

Hence,it reducegherequiredsener bandwidth.Neverthelessthe
presencef backwardjumpsdoesnotchangeheasymptoticsquare
root lower bound.

FromFigure9, we alsoobsene thatwhen M is small,therequired
sener bandwidthappeardower thanthosein Figures3, 6, and8.
This is expected. When M is smaller the averagerequestdura-
tion is closerto T, andsincethe clientsstartto retrieve the object
from thebeginning,requestsendto be“sequential”. To understand
this more clearly we zoomin on the plot in Figure9(a). In Fig-
ure 10, we shaw several specialcasesvhenM = 2N, M = 4N,
M = 8N,and M = 16N. Notethatwhen M is smaller eg.,
M = 2N, the averagerequestdurationis 7'/2. In this case,ac-
cessis closerto “sequential’,andtherequiredsener bandwidthis
closerto the lower boundfor sequentiahccessThis is evidentin
Figure 10(a). When M increasesaccesshecomes’ess sequen-
tial”, resultingin a requiredsener bandwidththat is more accu-
ratelypredictedoy thelowerboundfor non-sequentiaccessThis
is evidentin Figure 10(b)-(d). To summarizewith only very few
jumpsduring the time of a completeobjectplayout, the required
sener bandwidthincreasestleastasthesquareoot of therequest
arrival rate.

4.2 Delayed Sewvice

We have alsousedsimulationgo validatetherequiredsener band-
width of delayedserviceprotocols.We variedsimulationparame-
ters N from 1 to 1000andvaried M from N to 100N. We chose
typical valuesfor d—namely0.0017", 0.0057", 0.027", and0.17".

In eachsimulationrun, we first generatea sequencef requests.
Eachrequests delayedor time d. Duringthisdelay laterbytesare

fetchedfrom ongoingstreamsvheneer possible Whenaclientis

playing the object, later bytescanbe still retrieved from ongoing
streams. Any byte that cannotbe obtainedin this manneris re-

trieved from the sener directly, and as late as possible suchthat

laterclientscanfully utilize it.
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Figure 11: Required sewver bandwidth obtained thr ough simu-
lation varying with N and M. The delayis setto several typical
values.

Theresultsof our simulationsareshovn in Figure11. Comparing
thoseresultsto the onesanticipatedin Figure 5, we find that, in
all casesthe averagerequiredsener bandwidthobtainedthrough
simulationsis closeto thatwe obtainedthroughanalysis.

Figure12 shavs how therequiredsener bandwidthvarieswith de-
lay d. We chooseM = 4N, i.e, eachrequestetrievesone-fourth
of the whole object. Figure 12(a) shaws resultswhen N = 50,
representing lesspopularobject,andFigure12(b)shavs the case
when N = 1000, representing highly popularobject. In each
casewe plot thelower boundfor non-sequentiahccessaswell as
thatobtainedhroughsimulations.In addition,for comparisorpur-
poseswe alsoplot the bandwidth-delayelationshipfor sequential
access.In particular we plot the minimum requiredsener band-
width for periodic broadcastingn equation(3), andthe required
sener bandwidthmeasuredrom simulationfor streammemging
(assumingunlimitedclientreceving bandwidth).Our obsenations
aresummarizedhsfollows.

First, the requiredsener bandwidthundera non-sequentiahccess
modelis muchhigherthanthat undera sequentiabccesamodel.
The differenceis morepronouncedor morepopularobjects.No-
tice thatwhend — 0, the lower boundon requiredbandwidth
undera non-sequentiahccessnodelis closeto 0.797v/M which
is muchhigherthanthelog(IV + 1) lower boundunderasequential
accessnodel.

Second,under a sequentialaccessmodel, streammeging tech-
niguesachiese lower requiredsener bandwidththanbroadcasting
whendelayis small. This is moreobviousfor lesspopularobjects.
This is becausestreammeiging hasa lower boundof log(N + 1)
whend — 0, whereadroadcastingechniquesave alowerbound
of log(T'/d+1). Sowhend < T'/N, therequiredsenerbandwidth
for broadcastings higher In fact,in this figure, the simulationre-
sultsfor streammeiging undera sequentiahccessnodelareclose
to theboundgivenin equation(2).
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Figure 12: Required sewver bandwidth varying with d.

5. IMPACT OF LIMITED BANDWIDTH

Sofar, we assumedhatclientshave unlimitedreceving bandwidth
(n = o). Thissectionusessimulationgto studyhow limited client
receving bandwidthaffectsthe scalabilityof multicastdelivery for
immediateserviceprotocols. In orderfor multicastdelivery to be
possibletheclientreceving bandwidthn > 1.0 musthold.

In the context of sequentiabccessthereareadvancedtechniques
for schedulingclientrequestaisingmulticaststreamsEageret al.
[18] proposedseveral hierarchical multicast stream merging tech-
nigueswhichprogressiely mergeasynchronouslientrequestinto
larger andlarger groups. Oneproblemthat mustbe addressede-
latesto the schedulingof thesemegers. Several heuristicpolicies
wereproposed.In particular assuming: = 2, the closest target
policy requireseachclient to join the mostrecentlyinitiated ear
lier streamthatis still alive. Simulationsshaved that this policy
performsvery closeto the off-line optimalalgorithm (with known
clientrequestarrivalsin adwance),which is obtainedby solving a
dynamicprogrammingproblem.

Underanon-sequentighccessnodel,we modify the closestarget
meging policy whenn = 2. Thekey pointis how we definethe
closest target for eachclient. Sincetherequestsnaystartanywhere
in the object,the closesttamgetis not necessarilthe mostrecently
initiated stream.Instead we definethe closestametof eachclient
asthemulticaststreamthatwill beplayedby theclientin thenear

estfuture. Theintuition behindthis choiceis thatit is critical for the
clientto prefetchtheportionof thedatathatwill soonbeplayed.In

addition, the closesttargetwill be redefinedvhenthe targetitself

is meigedor is terminated.

Whenn < 2, we modify the bandwidth skimming technique19].

Thefollowing is astraightforvardadaptiorof the bandwidthskim-
ming techniquedescribedn Section2.1. Eachmulticaststreamis

dividedinto k substreamsyherek is a positive integer Eachsub-
streamis thenmulticastedwith rateequalto 1/k timesthe object
playbackrate. Eachclientis assumedo be capableof receving at
least(k + 1) substreamsimultaneouslythusn = 1 + 1/k). The
closesttamget policy is thenappliedto the substreamswheneer
the client hasidle bandwidth,it listensto the substreamsvhose
datawill be playedin the nearesfuture. The client may listento

upto (k + 1) substreams.

We developeda simulatorfor this streammeging/bandwidttskim-
ming technique. Figure 13 shaws the requiredsener bandwidth
we obtainedhroughsimulationsin which we variedthe numberof
concurrentlients N. Thevalueof n is variedfrom 1.125 to co. In
Figurel3(a),wesetM = 4N, i.e, S = 1'/4, eachrequesis for
one-fourthof the object. In Figure13(b), we setM = 16N, i.e,
S =1T/16.
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Figure 13: Required sewver bandwidth of immediate sewice
protocolswhen client recevving bandwidth is limited.

From this figure, we obsenre thatwhena client’s receving band-
width is limited, the requiredsener bandwidthis only slightly
higher For example,when N = 1000 andn = 1.5 (i.e., one-
third of the client bandwidthis usedfor prefetching),our simula-
tionsindicatethattherequiredsenerbandwidthis aboutl.69times
thatrequiredunderunlimited client receving bandwidthassump-
tion (n = o0). Whenn = 2, our simulationsindicatethatthe re-
quiredsener bandwidthis very closeto thatunderunlimitedclient
receving bandwidthassumption.We estimatethat the difference
is around12% for large valuesof N. Theseresultssuggesthat
evenwith alimited client receving bandwidth,it is possiblefor a
protocolto have requiredsener bandwidthquite closeto its lower
bound. In the next section,we study practicalmulticastdelivery
protocolsthatachieve this goal.

6. PRACTICAL MULTICAST DELIVERY

The protocolsconsideredn the previous sectionseither assume
unlimited client receving bandwidthor aretoo sophisticatedo be

practical. For example,in the modifiedclosestarget memging pol-

icy, eachclient may join and leave multicaststreamsfrequently

Sucha behaior may incur high overheadon seners. In this sec-
tion, we describepracticalmulticastdelivery protocolsand opti-

mizethemby minimizing the requiredsener bandwidth.

6.1 Protocols

We considerthefollowing protocolwhich providesimmediateser
vice to the clients: The server multicasts an object for every inter-
val of length z. Each client joins the temporally closest multicast
stream. The missed portion of the requested segment isimmediately
unicasted from the server.

Theabove protocolis simplein thatfor eachrequesttheclientneed
only join onemulticaststream.Also, the above protocolis readily
usableby a client whosereceving bandwidthis twice the object
playbackrate,i.e., n = 2. Both the multicastandunicaststreams
are sentat playbackrate. Assumingthat a client requestsa seg-
mentwhichwasmostrecentlymulticasted unitsof time ago,then
the client receizesa unicaststreamof length¢, while concurrently
prefetchingdatafrom thatmulticaststream.

Notice thatit is straightforvard to generalizethe abose protocol
for clientswith lower receving bandwidth,ie, 1 < n < 2. To
do so, we again capitalizeon the ideasfrom bandwidthskimming
techniques Namely eachstream(both unicastor multicast)is di-
videdinto k substreamasingfine-grainednterleasing, wherek is
a positive integer Eachsubstreanis sentwith rateequalto 1/k
timestheplaybackrate. Theclientscanreceve (k + 1) substreams
(thusn = 14 1/k). Assumeaclientrequestsisegmentwhichwas



mostrecentlymulticastedt units of time ago. The client receves
k unicastsubstream#&mmediatelyfrom the sener andmeanwhile
it prefetchedatafrom one multicastsubstream.Then, ¢ units of
time later, theclientneedonly receve (k — 1) unicastsubstreams,
andcanprefetchtwo multicastsubstreamsAnothert unitsof time
later, the client needonly receve (k — 2) canprefetchthreemul-
ticastsubstreamsand so on. Eventually no unicastsubstreanis
needed.

6.2 Protocol Optimization

To optimizeour protocol,we determinethevalueof x, which con-
trols the frequeng of multicastingthe object. Assumethat each
requests for asegmentof constantength.S. We first computethe
averagecostof unicast.Assumea client request@a sggmentwhich
was mostrecentlymulticastedt units of time ago. From the de-
scription of the protocolsabore, it is not difficult to find thatthe
total durationof theunicastsubstreams >°F_| it = k(k+1)t/2,

assumingS > kt. Onaveragethisis equalto k(k + 1)z /4. Since
thesendingateis 1/k timestheplaybackrate,thenumberof bytes
unicasteds (k + 1)z /4. Overaperiodof time T', thereare M re-
questssothereare (k + 1) Mz /4 bytesunicastecbn average.In

addition, over a period of time T', the objectis multicastedl'/x

times,sothereareT? /= bytesmulticastedon average.

We arenow readyto optimizeour protocolby minimizing thetotal
costof the protocolover a periodof time T'. This costis givenby:

_(k+0)M T
g(x) = 1 x4 o

It is not difficult to find the optimal solutiong® = \/(k + 1)MT
whenz* = 2T'//(k + 1) M. Thisyieldsarequiredsener band-

width of \/(k + 1) M.

Whenk = 1andn = 2, therequiredsenerbandwidthis 1.414v/M,
whichis approximatelyl.773timesthelower boundgivenin equa-
tion (4). This meansthat sucha simple protocol needslessthan
twice the sener bandwidthrequiredfor the ratherimpracticalpro-
tocolswe assumedh our simulations.Evenwhenk increasegi.e.,
n approachesnity), therequiredsener bandwidthfor this simple
protocolincrease®nly asthe squareroot of k£ + 1. For example,
when33% of the client bandwidthis usedfor prefetching(k = 2
andn = 1.5), the requiredsener bandwidthis only 1.732v/M
whichis about2.173timesthelower bound.

Althoughit is possibleto furtherdecreas¢herequiredsener band-
width by usingmoresophisticategbrotocols or finetuningthesim-
ple protocolwe describechere the payof from suchanexerciseis

fairly limited. Recallthatin the last section,our simulationre-
sultshave shavn thatwhenn = 1.5, the sophisticatecarliesttar-

getfirst memging algorithmwe discussedequiressener bandwidth
roughlyequalto 1.69timesthelower bound—allaving only alim-

ited “room for improvement”over the 2.173timesthelower bound
achievedusingthe protocoldescribedabove.

7. CONCLUSION

In thispaperwe have analyticallyderivedtight lowerboundsonthe
requiredsener bandwidthfor protocolsin amulticastervironment
whenaccess$o streamingobjectsis notsequentialln particulay we
have shavn thatin suchsystemstherequiredsener bandwidthfor
ary protocolproviding immediateservicegrows asthe squareroot
of the requestarrival rate, andthat the requiredsener bandwidth
of ary protocolproviding delayedserviceis inverselyproportional

to the maximumallowable start-updelay The robustnessof our

analyticalresultshave beenconfirmedusingextensve simulations
underrealisticworkloads.Also, theimpactof limited clientrecev-

ing bandwidthwasinvestigated.Finally, basedn our findings,we

proposeda practical,nearoptimal multicast-basedielivery proto-
col, which resultsin a sener bandwidthrequirementhatis fairly

closeto its lower boundunderbothatundantandlimited clientre-

ceving bandwidthassumptions.

Our findings suggesthat for non-sequentiahccessmulticastde-

livery is not a panacedor scalability Therefore,for large-scale
contentdelivery applicationghatrequirenon-sequentishccesof

large electronicartifacts, for example, interactive video delivery

andreal-timesoftware distribution, we shouldseekalternatie or

complementaryechnigueghat increasethe scalability of stream-
ing delivery mechanismsSuchtechniquesncludecaching buffer-

ing, andreplication,amongothers.
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APPENDIX: Variable SegmentSizeAnalysis
Assumethat the sggmentsize is a randomvariable, following a
distribution with a generaldensityfunctiong(y), a < y < b. The
meansgmentsizeis S. We hopeto follow the stepsin Section3
to computethelower boundon therequiredsener bandwidth.

Let {X} and{X’} be asdefinedin Section3. First we needto
computeA’(z), the arrival rateof {X’}. Assumean arbitrary X
occursat time x. The probability that this X is alsoan event of
{X'} canbecomputedas

T b
/a ygéy)dy+/ag yg;y)%dy' ©)

This expressionis explainedasfollows. Here %(y) is the proba-
bility densitythattheeventX occursasaclientrequests sggment
of lengthy. Notethatit is morelikely X occursastheresultof a
longerrequestlf y < z, thencertainlytheevent X is alsoanevent
of {X'}.In thiscase,fa’” %(y’dy givesthe cumulative probability
If y > x, thenwith probability%, theevent X is alsoaneventof

{X'}. Inthis case,[” 12 £ 4y givesthe cumulatie probability

It is notdifficult to verify thatthe deterministicnodelin Section3
is aspecialcase.

For thegenerakase gquation(6) cannotbe solved.

We have consideredseveral specialcaseswith variable segment
sizesincluding: (i) uniform distribution g(y) = 55,0 <y < 25;
and(ii) exponentialdistributiong(y) = ée—y/s‘ y > 0. Although
we are ableto computeequation(6) and the exact expressionof
A'(z), whenwe proceedasin Section3, thederivationof thelower

boundbecomesncreasinglycomple.
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