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Chapter B PRIMAL-DUAL ALGORITHME

118
MAax v
Af +dv=20 (6.1}
f<b
F=0
where d € R is defined, as before, by
—1 i=3s
(6.2)

d=1+1 i=t
0 otherwise

An important concept in dealing with flow problems in general, and one
that played a central tole in the invention of the Ford-Fulkerson algorithm,

js that of a cur.

pefinition 6.1

An s-touiis g mwm:mn: (¥, W) of the nodes of ¥ into sets Wand ¥ such
thats € Wandt e W.The eapacity of an st cut is
c(W, Wy = N &5y O {6.3)
i, JrEE

sich that
[EW, JeF

the idea behind the definition of a cut; the capacity
» arcs: those which go from

of an 3-i flow cannot

Figure §-1 illustrates
of a cut is the sum of the mm.ﬁmnﬁnm af the “forwar
nodes in W to nodesin W, We would expect that the value

exceed the capacity of an s-t cul, since all the s-
forward arcs of a cut. This result is intimately related to the fact that cuts

correspond to feasible solutions to
jeads us next to wriie down

problem in Eq. a.l.
Assign variables z(x) to the first n constraints,

conservation; and assign ¥

w Forward arcs 7
N F /
S
-~ Iy
A AN *

Backward arcs

Figure -1 A cut in a Pow network.

{ flow must pass through the -

the dual of the max-fiow problem, which
the dual of the LP formulation of the max-flow -

which correspond to flow
ariables 7(x, ¥) to the next m capacity constraints. 3

8.1 The Max-Flow, Min-Cuf Theorem 119

' t - a. 4

.m“_.H-ﬁﬂ H.—Hﬂ ‘wmm-n R cOons Hm.___—m are ﬂ.ﬂ...—.m._.——.hﬂm‘ uﬂﬁ.ﬂu = .=u- .m:.nH s1nce -.-—-..W.. Xt #1 COn-
. " —' " n d M ﬂ . Am w - _ . — ..

mﬁhm_ﬁ-ﬁm are uuuma_._.m uﬁ—mmu Hﬁ.nu\.r”_.— VIL- - c m ﬂ -1 15 exac uq——w € Iorm ¢

the dual in Def. 3.1, s0 by 5
- oedy m T 1 H " -
for which we are _oo_c.nm“w ymmetry, the primal in that definition is the dual

Ewanu,%.mia. Fiblx, ¥)

=

mx) —w(p)+y(x, ) =0 forall(x,y) s E
—7(sy + =) > 1 64
mlx) =0
Px, 33 =0

k' The last inequality corresponds o the variable o
We can now prove Theorem 6.1.

Theorem 6.1 Every s-f cul de .
E i : - . -
ke duc L of ras dlow a5 follows W«EE&. @ feasible solution with cost C(W, W) to

H.WH“H -”Huwuv.m.mqﬁ} H}_ﬁﬂn.ﬂm “.*..w-l.r..m -_._ﬂ_.
0 otherwise

¥
[}
_ yix,

xe W {6.5)

xe W

afx) = m.n_”__

' Proof W i i

L OMEEM_.H_M.& to check the inequality constraints in (§.4). There are four
e eacily ﬁam M._nm xand ¥ may mm.n_p be in K or W. In each case the inequal-
] ed, and the inequality is strict when and only when x = W

24 & W. Also, a(s} = 0 because 5 = W, and =t} = I because ¢ £ W, so
o ~—a(s) + wfy =1 ‘
verifics the last En_m:m:ﬂ.,. Finally, the cost of this doal feasible solution is
o vy = 3 bx, ) =CcW,¥) O

[x,
MEE [x pEE
auch that
xEW,FER

m Theorem 6.1, we get our main result.

8.2 .-nu-!...!..........--nn--nn!.--....n---nn--nn--o----nnn---uuuu-------
i MMMWH m.wwv? min-cut) The value v of any s-t flow is no greater than
n@nm_“.m_w. " M. any u..u cut, Frrthermore, the value of the maximum flow
e mininum 7
...a.._n. s cut, and a flow § and cui (W, W) are jointly
%, ¥) =
(X, =10 (x,§) € Esuchthatx € Wandy e W

) =b(x,y}) ())& Esuchthatx & Wandye W

(6.6}
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